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Resolution in First-order logic
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Few laws related to propositional knowledge are stated below:

(i) Idempotency

(11) Commutative law

(iii) Associative law
(iv) Distributive law

(v) De Morgan’s rule

(vi) Implication removal :

(vii) Biconditional
elimination
(viii) Absorption law

(ix) Contrapositive

(x) Double negation

(xi) Fundamental
identities

PvP=P

PAP=P

PvQ=QvP

PAQ=QAP

P-Q=QeP

(PvQ) v R=P v (QVvR)
(PAQ) A R=P A (QAR)

P A (QVR) = (PAQ) v (PAR)
P v (QAR) = (PvQ) A (PVR)
~(PvQ) = ~ P A ~Q
~PAQ) =~Pv-~Q

P&Q = ~ PvQ

P—=Q = (P-Q) A (Q—P)

Pv (PAQ) =P, PAPVv Q) =P
P=>QE—|Q=>—|P
(@ Pv—=P=T
(b)) PA=P=F

(¢c) PvT=T
(d PvT=P PAT=p
(e) PVvF=P

(f) PvF=F PAF: |
@ P=2QQAP=>=-Q=-P
(h) P=Q=(-=PvQ



Properties of Statements



Valid

Satisfiable
Unsatisfiable
Equivalence

Logical Consequence



Properties of Statements

= moving ahead, let us discusses some properties of propositional calculus
ts or WFFs described as follows:
Valid: A sentence is valid, if it is true for all values of inputs or for every
mterpretation. An all true statement is also called tautology. For example,
Pu—P is valid since every interpretation of P results in a true value for
PV_IP.
Satisfiable: A statement having at least one interpretation for which it is
zue, is called Satisfiable. For example, if statement P is Satisfiable, it will
have at least one interpretation of P for which the value of P is true.
However, P will not necessarily be valid because it is not true for every
mterpretation of P i.e., a value F for P will result in a value F for sentence
P
Unsatisfiable (or contradiction): A statement or preposition is called
Unsatisfiable if there is no interpretation for which it is true. For example,
P A— P is unsatisfiable because it is false for every interpretation of P.
Egquivalence: Two statements s, and s, are equivalent if for every
mterpretation they have the same truth-value. For example, two statements
? and — (—P) are equivalent since both have the same truth-value for
every interpretation of P.
Logical consequence: Statement s, is said to be logical consequence of s,
if it is satisfied by all interpretations which satisfy s,. For example, out of
ziven two sentences P and PAQ, P is said to be logical consequence of
P~Q because for every interpretation for which PAQ is true, P is also true.



Inference in Propositional Logic



Addition: From a given statement P, infer P v Q, where Q can be
other statement. This is also written as:

34
S (PvQ)

For example,
Given : Adwet is an obedient boy
Conclude : Adwet is an obedient boy or Sushant is a lazy boy

This rule can be represented in implication form as P — (P v Q).
Conjunction: From given two sentences or statements P and Q, infer P~
or:

P
Q
= (PAQ)
For example,
Given : Vishal is an intelligent student
And : Shyam is a good player

Conclude : Vishal is an intelligent student and Shyam is a good player
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Implication form of this rule is represented as PAQ—(PAQ).
Simplification: From given sentence PAQ, infer P, or:

PAQ
P
For example,
Given : Kate is a beautiful woman and John is an ugly man
“onclude  : Kate is a beautiful woman

This rule can be represented in implication form as (PAQ)—P.
Modus Ponens: From given two statements P and P—Q, infer Q. This is
=lso written as:

P
P-—>0O
s Q
or example:
= : Adwet is intelligent
and : Adwet is intelligent — Adwet tops the class
conclude : Adwet tops the class

This rule is written in implication form as (PA(P—Q))—Q.
Modus tollens: From the two given statements —Q and (P—Q), infer —P,
s

—Q
P—Q
. =P
For example,
Siven : Justin is not a religious person
And : Justin goes to church daily implies Justin is a religious person
“onclude  : Justin does not go to church daily

“=plication form of this rule is represented as (—QA (P—Q))— —P.
Chain rule or Hypothetical Syllogism: From (P — Q) and (Q — R),
=fer (P — R), or

P—Q
Q —>R
(P — R)
For example,
Give : India has natural resources — India can generate energy
and : India can generate energy — India is prosperous country
~onclude  : India is prosperous country

“mis rule is represented in implication form as (P — QA(Q — R)—(P — R).

—=(QvS).

Disjunctive syllogism: From two given sentences —P and (P v Q), infer

0. o

—|P
Py
-~ Q
For example,
Given : Mohit is not a laborious boy
And : Mohit is a laborious boy or Suchi is an honest girl
Conclude : Suchi is an honest girl

Implication form of this rule is written as (=PA(P v Q)—Q.
Constructive dilemma: From given two sentences (P—=Q)A(R—S)) ans
(PvR), infer (QvS), or:

(P—>Q)A(R—S)
PVvR
Qv S)

For example,
Given : (Bret loves Kate implies Kate loves Bret) and (Jash hates Suss

implies Sushi hates Jash)
And : Bret loves Kate or Jash hates Sushi
Conclude : Kate loves Bret or Sushi hates Jash

This rule is represented in implication form as (P=QA(R—-S)A(PVE S

Destructive dilemma: From given two sentences (P-QA(R—S)) and
(—Qv—=S8), infer (PVR), or:

(P—=Q)A(R—S)
—Qv—S

5 APYR)

For example,

Given 2 Albart scored 85% marks implies Albart is an intellig
student and Steffi scored 54% marks implies Steffi =&
weak student

and § Albart is not an intelligent student or Steffi is notaw
student

conclude 3 Albart scored 85% marks or Steffi scored 54% marks



Assignment



Find the truth value of following propositions:
(1) It 2 1s not an integer., then % is an integer.
(11) If 2 is an integer, then % is an integer.

Translate the following sentences into propositional forms:

(a) Ifitis notraining and I have time. then I will £0 to a movie.
(b) Ifitis raining and I will not £0 to a movie.

(c) It is not raining.

(d) I will not go to a movie.

(e) I will not go to a movie only if it is not raining.

If P, Q, R are the propositions, defined as above. Write the sentences
in English corresponding to the following propositional forms:
(1) (CPAQ)<R

(ii) (Q—>R)HIA(R —> Q)

(iiil) —(Q v R)

Gv) R—-—-PAQ




Without using truth tables, prove that
—(p—>q) = —q 1s a tautology.



Resolution



Truth Table

Conjunction Disjunction Negation
P Q AND OR NOT P
PAQ PvQ ~p
I T T | F
1F F F 3 § F
F T F ] )
F F F F 1F




Variable: A variable is simply a letter that can
be either true or false.

Literal: A literal is either a variable or the
negation of a variable.

Sum and Product: A disjunction of literals is
called a sum and a conjunction of literals is
called a product.

Clause: A clause is a disjunction of literals.

Clauses are usually written as follows, where the symbols [; are literals:

LVv---Vli,



Horn Clause

A Horn clause is a clause (a disjunction of literals) with at most one positive literal. . p V =q V ... V 1t
Vu

Conversely, a disjunction of literals with at most one negated literal is called a dual-Horn clause.

A Horn clause with exactly one positive literal is a definite clause or a strict Horn clause.

a definite clause with no negative literals is a unit clause

a unit clause without variables is a fact;

A Horn clause without a positive literal is a goal clause.

Note that the empty clause, consisting of no literals (which is equivalent to false) is a goal clause.


https://en.wikipedia.org/wiki/Clause_(logic)
https://en.wikipedia.org/wiki/Disjunction
https://en.wikipedia.org/wiki/Literal_(mathematical_logic)

Resolution



Disjunctive Normal Forms (DNF):

A formula which is equivalent to a given formula and
which consists of a sum of elementary products is called
a disjunctive normal form of given formula.

Example:(PA~Q) V((QAR)V (~PAQA~R)



Conjunctive Normal Form (CNF):

A formula which is equivalent to a given formula and
which consists of a product of elementary products is
called a conjunctive normal form of given formula.

Example: (P~ VQ AQVR APV QV~R)

If every elementary sum in CNF is tautology, then given
formula is also tautology.



Principle Disjunctive Normal Form (PDNF) :

An equivalent formula consisting of disjunctions of minterms only is
called the principle disjunctive normal form of the formula.

It is also known as sum-of-products canonical form.

Example:
PA~QA~R)VIPA~QAR)V(~PA~QA~R)

e The minterm consists of conjunctions in which each statement variable
or its negation, but not both, appears only once.

e The minterms are written down by including the variable if its truth
value is T and its negation if its truth value is F.



Principle Conjunctive Normal Form (PCNF) :

An equivalent formula consisting of conjunctions of maxterms only is called the
principle conjunctive normal form of the formula.
It is also known as product-of-sums canonical form.

Example :
PV~QV~R)A(PV~QVR)A(~PV~QYV ~R)

e The maxterm consists of disjunctions in which each variable or its negation,
but not both, appears only once.

e The dual of a minterm is called a maxterm.

e Each of the maxterm has the truth value F for exactly one combination of the
truth values of the variables.

e The maxterms are written down by including the variable if its truth value is F
and its negation if its truth value is T.



Resolution Proof Example.

(a) Marcus was a man.

(b) Marcus was a Roman.

(c) All men are people.

(d) Caesar was a ruler.

(e) All Romans were either loyal to Caesar or hated him (or both).
(f) Everyone is loyal to someone.

(g) People only try to assassinate rulers they are not loyal to.

(h) Marcus tried to assassinate Caesar.




Steps to Convert to CNF (Conjunctive Normal Form)



CNF

In Boolean logic, a formula is in conjunctive normal form (CNF) or clausal normal form if
it is a conjunction of one or more clauses, where a clause is a disjunction of literals;
otherwise put, it is a product of sums or an AND of ORs. As a canonical normal form, it

is useful in automated theorem proving and circuit theory.

A sentence expressed as a conjunction of disjunctions of literals is said to be in
Conjunctive normal Form or CNF.

Examples and non-examples

All of the following formulas in the variables A, B, C, D, E, and F' are in conjunctive normal form:
e(AV-BYV-C)N(—-DV EVF)
e (AV B)N(O)

The following formulas are not in conjunctive normal form:

e =(BV C), since an OR is nested within a NOT
«(ANB)VC
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Steps to Convert to CNF
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Example 1: Solution

Ass wre. the ]{;/le/\/( 7[%)@

' ! (g
L Q’E\/Q. _A - AL
L\ N 25T Cowr Ses,

4. . N
éue“Q Cryvees ave 'é\wé

Iv. @Kgai a9c a L»aSKe}DeaM’

U4e ’Y‘eSrJM,Licw\ ‘o

\3' (G\&V‘Se ¢

améey- the ety o
"Nhak  eowrge. QDould Ste.ve Mff

Convert into FOL:

-
=3
-

\
W -

\.

V. eacy @) -—b/*'K“CSféjré 5 2

Vo Geienca (1) —» ’lzagd e

Y East\&HOeaﬁa, (15 —% ’aagd Ca
ba%(»@e&vhx (&\309

Mo (emhsion T encoded 4L’

/ ] 1<5 Cé{'e\/é p "9

Convert into CNF:

\
g 35

-
=it

W

— asy (O v A»&es(g!rwe,z

7| Science () N '16455(9

- buwema@) \/ e_agﬁ@
&%ka;“zy@ @



Example 1: Solution
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Convert to First order Logic

(a) Marcus was a man.
(b) Marcus was a Roman.
(c) All men are people.
(d) Caesar was a ruler.

(e) All Romans were either loyal to Caesar or
hated him (or both).

(f) Everyone is loyal to someone.

(g) People only try to assassinate rulers they are
not loyal to.

(h) Marcus tried to assassinate Caesar.

a) man(marcus)

b) roman(marcus)

c) VX. man(X) — person(X)

d) ruler(caesar)

) VX.roman(x) — loyal(X,caesar)
v hate(X,caesar)

(f) VX3Y. loyal(X,Y)

(g) VXVY. person(X) A ruler(Y)

tryassasin(X,Y) — —loyal(X,Y)
(h) tryassasin(marcus,caesar)

(
(
(
(
(

e




Convert to Clausal Form

man(marcus)

roman(marcus)

(—man(X), person(X))

ruler(caesar)

(—roman(X), loyal(X,caesar), hate(X,caesar))
(loyal(X,f(X))

(—person(X), —ruler(Y), —tryassasin(X,Y), —loyal(X,Y))
tryassasin(marcus,caesar)

P N P g o =




Resolution Proof

Prove: hate(marcus, caesar) —hate(marcus, caesar) 5

marcus/X,

3 —roman(marcus) V loyalto(marcus,caesar)

marcus/X,

(S

—pompeian(marcus) V loyalto(marcus,caesar)

7 loyalto(marcus,caesar)

\/ marCUS/X4; Caesar/Y]_

1 —man(marcus) V — ruler(caesar) V — tryassassinate(marcus, caesar)

= ruler(caesar) V — tryassassinate(marcus, caesar) 4

— tryassassinate(marcus, caesar) 8



Types of Resolution
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Thank You!

Thanks

FOY

Your
Attention




